Can a vector field be responsible for the curvature perturbation in the Universe? 



o 
o 

(N 

Or 
<D 

(N 
(N 

(N 
> 
Os 
(N 
(N 

r-> 
o 
vo 
o 

^ 

a: 
i 



X 



Konstantinos Dimopoulofl 

Physics Department, Lancaster University 

(Dated: February 2, 2008) 

I investigate the possibility that the observed curvature perturbation is due to a massive vector 
field. To avoid generating a large scale anisotropy the vector field is not taken to be driving inflation. 
Instead it is assumed to become important after inflation when it may dominate the Universe and 
imprint its perturbation spectrum before its decay, as in the curvaton scenario. It is found that, 
to generate a scale invariant spectrum of perturbations, the mass-squared of the vector field has to 
be negative and comparable to the Hubble scale during inflation. After inflation the mass-squared 
must become positive so that the vector field engages into oscillations. It is shown that, such an 
oscillating vector field behaves as pressureless matter and does not lead to large scale anisotropy 
when it dominates the Universe. The possibility of realising this scenario in supergravity is also 
outlined. 



I. INTRODUCTION 

Observations of the curvature perturbation in the Uni- 
verse strongly suggest that it is generated during infla- 
tion by the gravitational production of particles. The 
field, whose quantum fluctuations are responsible for the 
particle production is typically considered to be a scalar 
field; one of the many flat directions that are envisaged 
in theories beyond the standard model. 

Very little has ever been discussed about gravita- 
tional production of vector fields during inflation (see 
Refs. hi Q). This is mostly because, to achieve par- 
ticle production in a de-Sitter background, the field in 
question must be light enough for its Compton wave- 
length to extend beyond the horizon. However, a mass- 
less vector field is conformally invariant and, therefore, it 
does not couple to the inflating gravitational background, 
which means that it does not undergo particle produc- 
tion. Hence, vector field generation during inflation has 
been ignored. 

In this work I investigate the possibility that a vector 
field with non-zero mass undergoes indeed particle pro- 
duction during inflation. My motivation was originally 
the possibility that a small, albeit non-zero, mass may 
lead to something interesting. However, I have found 
that this is not a promising direction, as it is shown 
below. Nevertheless, I have discovered that a negative 
mass-squared comparable to the Hubble scale can indeed 
result to the desired scale-invariant supcrhorizon spec- 
trum of perturbations. 

In contrast to previous work 0, Q the vector field 
considered is not assigned to the task of driving infla- 
tion. This is so in order to avoid generating a large scale 
anisotropy, which is otherwise inevitable (see, however, 
Ref. (3)- The curvature perturbations are produced in 
the same spirit as in the curvaton scenario Thus, it 
is assumed that the vector field is subdominant during 



inflation. Consequently, particle production gives rise to 
isocurvature perturbations, which turn adiabatic at some 
point after inflation if the vector field manages to domi- 
nate the Universe before its decay. What I find is that an 
oscillating massive vector field does not result in a large 
scale anisotropy even when it dominates the Universe. 
Therefore, a vector field can indeed realise the curvaton 
scenario. 

Throughout the paper I use natural units, where 
c = h = 1. The signature of the metric is (1,-1,-1,-1). 



II. THE EQUATIONS OF MOTION 

The Lagrangian density for a massive vector field with 
mass m is 



(1) 



where, for an Abclian field, the field strength tensor is 

(2) 



Employing the above one obtains the field equations for 
the vector field: 



ft. + yj- det[ff„„] )] {d»A v - d v A») + m?A v = 0, (3) 

where det[<7^„] is the determinant of the metric tensor 

Since we are interested in particle production during 
inflation we assume that, to a good approximation, the 
spacetime is spatially flat homogeneous and isotropic (we 
consider anisotropic expansion later). Hence we use the 
flat-FRW metric: 



ds 2 = dt 2 - a 2 (i)<fxW, 



(4) 
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where a = a(t) is the scale factor of the Universe, x l are 
Cartesian spatial coordinates with i — 1,2,3 and Einstein 
summation is assumed. Employing the above metric into 
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Eq. © we obtain the temporal component (v = 0) of the 
field equations: 



V- A-V 2 A t + (am) 2 A t = 0, 



(5) 



where the dot denotes derivative with respect to the 
cosmic time t and V stands for the divergence while 
V 2 = djdi is the Laplacian. Similarly, we obtain the spa- 
tial component (y = i): 

A + HA-a- 2 [V 2 A-V(V ■ A)]+m 2 A = V(A t +HA t ) , 

.(6) 

where H = a/ a is the Hubble parameter and in the right 
hand side of the above V denotes the gradient. 

Now, contracting Eq. J2J with d u we obtain an inte- 
grability condition, which reads 

{am) 2 A t - m 2 V • A + 3H(V 2 A t - V • A) = . (7) 

Combining the above with Eq. |JSJ we find 

A t +3HA t - a- 2 V ■ A = 0. (8) 

Plugging this into Eq. © we obtain 

A + HA + m 2 A - a- 2 X7 2 A = -2HV A t , (9) 

We expect inflation to homogenise the vector field and, 
therefore, 

3 i A ll = Q V fit [0,4]. (10) 

Enforcing this condition into Eq. JSJ we obtain 

A t = 0. (11) 

Using Eqs. JTJJl and JTTJ into Eq. |J3J we find 

A + HA + m 2 A = 0. (12) 

The above is reminiscent to the Klein-Gordon equation 
of a homogeneous scalar field in an expanding Universe, 
with the crucial difference that the friction term does not 
feature a factor of 3. 

We are interested in the generation of superhorizon 
perturbations of the vector field, which might be respon- 
sible for the curvature perturbations in the Universe. 
Therefore, we perturb the vector field around the ho- 
mogeneous value Afj,(t) as follows: 



Afj,(t, x) = A^ (t) +SA li (t,x) =^ 

A(t,x) = A(t) + SA(t,x) & A t (t,x) = SA t (t,x) 



(13) 



where we took into account Eq. JHJ. In the above A(t) 
satisfies Eq. JT2J). In view of Eqs. and iJTSJ, Eqs. © 
and © become 



V-(<L4) - V 2 5A t + {amfSAt = 



(14) 



Now, let us switch to momentum space by Fourier ex- 
panding the perturbations: 

/d 3 k 
(2?r) 3 /2 SA„(t, k) exp(ifc • x) . (16) 



Using the above, Eq. (|14ft becomes 

gAt | idt(k.SA) 

k 2 + (am) 2 



(17) 



where k 2 = k • k. Using this and Eq. (|16|) we can write 
Eq. (O as 



{5A) + H(5A) + m 2 5A- [ - ) 6A+2H 



. kdtjk-SA) _ 

k 2 + (am) 2 

(18) 

We can rewrite the above in terms of the components 
parallel and perpendicular to fc, defined as: 



U'e« & SA^SA-SAK 



(19) 



Thus, we obtain the following equations of motion for the 
vector field perturbations in momentum space: 



d 2 + Hd t + m 2 



5A A 







(20) 



d? + 1 + F^bO Hdt +m 2 + (S)' 6A* = . (21) 



III. PARTICLE PRODUCTION 

To investigate particle production during inflation for 
the vector field we need to solve the equation of motion 
for the perturbations of the field. The integration con- 
stants are then evaluated by matching the solution to 
the vacuum at early times (when k/aH — > +oo), i.e. by 
demanding 



lim SAk = 

4r- + =o V2fc 



exp(ifc/ai?), 



(22) 



where SAk = SA (t, k) and we note that at early times 
the perturbation in question is well within the horizon, 
which means that a — ► 1 and k/aH — > kt. 

Afterwards we evaluate the solution at late times, 
when the perturbation is superhorizon in size (i.e. when 
k/aH — > + ). The power spectrum is obtained by 



k3 
2ir z 



lim 5Ai 



(23) 



(SA) + H(SA) + m 2 SA - a - 2 X7 2 5A = -2HV5A t . (15) 



We assume that, during inflation, H is constant. 
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A. The transverse component 



B. The longitudinal component 



Solving Eq. (|20|l and matching to the vacuum in 
Eq. I(22|) wc obtain the solution 

r 1 / 2 fa e 4 ™/ 2 



— [J v {k/aH)-^ v J^ v {k/aH)], 

(24) 

where with J„ we denote Bcssel functions of the first kind 
and 



m\ 2 

Us 



(25) 



The above solution at late times approaches 
a- 1 ' 2 fa e™»' 2 

1* = 



lim SAk = 

n+ 



H 1 



1 



( k 



( k 



r(l + v) \2aH J r(l - v) \2aH 



(26) 



Hence, using Eq. 1(23(1 we find that the dominant contri- 
bution to the power spectrum is 



V A 



87r|r(l 



aH 



(f — cos 2irv) \ 2n 



( 



k 



2aH 



3-2u 



(27) 



Now, considering a light vector field with m <c H we 
see that v « | — (m/H) 2 . As a result the dominant term 
in the power spectrum is simply the vacuum value 



TV 



(28) 



which agrees with the expectations, since, when m — > 
the vector field becomes conformally invariant and, there- 
fore, it is not gravitationally produced because it does not 
couple to the expanding gravitational background. In 
fact, for m <C H, the largest contribution to the power 
spectrum due to a non-zero mass is 



V 2aH 



(29) 



which is subdominant to the vacuum value for supcrhori- 
zon scales. 

However, if the field is not effectively massless but in- 
stead we have 



-2H 2 



3/2, 



(30) 



then we find that a scale invariant spectrum of perturba- 
tions is indeed recovered with 



(31) 



as in the case of a massless scalar field. We will discuss 
the reason for this result in Sec.[V] For the time being wc 
note that the transverse component of a light vector field 
cannot be gravitationally generated during inflation. 



Turning our attention now to SA.I, the first thing to 
point out is that Eq. ((21(1 is impossible to solve analyt- 
ically. One can only approximate the solutions in some 
extreme cases. 

Consider first that k -C am. Then it is evident that 
the equation assumes the same form as the case of 8Aj: 
and, therefore, the results are identical to the previous 
section. However, in the opposite case, when k 3> am, 
the equation becomes 



d? + 3Hd t 



~ , 



(32) 



which, in fact, is identical to the equation of motion for 
a perturbation of a light scalar field in a de-Sitter back- 
ground. The solution of the above, after matching to the 
vacuum in Eq. (|22|l . is of identical form to Eq. (|24|) with 
the crucial difference that, this time 



</Hb)' 



(33) 



Thus, the dominant contribution to the power spectrum 
is again given by Eq. 1)27(1. 

Considering, therefore, an effectively massless field 
with m H we have 

3 . , 1 /m\ 2 .„ 

^^--r, with ■ (34) 

In view of the above the power spectrum in Eq. I|27|) 
becomes 



2 / , \ 2r) 

2-k ) \2a J 



(35) 



which is approximately scale invariant approaching the 
value of Eq. ((31(1 for extremely light fields. Paramctcr- 
ising the scale dependence of the perturbations in the 
usual manner 

V A (k) cx k n '-\ (36) 

we obtain for the spectral index the result 

n s = l + 2r], (37) 

which is the usual finding in the case of a light scalar 
field. 1 

The similarity between the longitudinal component of 
a massive vector field to a scalar field can be understood 
if one considers that the mass of the vector field is due 
to the Higgs mechanism, in which case the longitudinal 



There is no contribution from c = 
because wc have taken H = const. 



-H /H 2 to the spectral index 
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FIG. 1: Illustration of the superhorizon spectra of the trans- 
verse and longitudinal components of the perturbation of a 
light vector field. The transverse component corresponds to 
the vacuum spectrum. The longitudinal component mimics 
the transverse component at small momenta but at large mo- 
menta its spectrum becomes approximately scale invariant. 



component corresponds to the scalar degree of freedom 
(the Goldstone boson) which has been "consumed" by 
the vector field in the Higgs process. However, we should 
also note here that, in the limit of m — > the longitudinal 
component of the vector field becomes unphysical. (The 

superhorizon spectra of SAj: and SA\ in the case when 
m <C H are shown in Figure 1.) 

Thus, we see that a light vector field may indeed ob- 
tain an almost scale invariant superhorizon perturbation 
spectrum, through its longitudinal component. However, 
the price to pay is that the condition k 3> am has to 
be satisfied throughout the superhorizon evolution of the 
perturbations in question. This means that, for the cos- 
mologies! scales, we must satisfy the constraint 



a*£z* = fc* > ma en d => m < e 



-TV, 



(38) 



where '*' denotes the epoch when the cosmological 
scales exit the horizon during inflation and 'end' denotes 
the end of inflation, while N corresponds to the num- 
ber of remaining c-foldings of inflation. For the cos- 
mological scales we have N* > 45 and also, typically 
H* 10 13 GeV. Hence, we find that the mass of the vec- 
tor field has to be m < 0(100) eV. Such an extremely 
light field cannot decay before nucleosynthesis and, there- 
for, cannot be responsible for the curvature perturbations 
imprinted on the thermal bath of the Hot Big Bang. The 
only possible solution would be to consider a subsequent 
period of inflation, occurring after the decay of the vec- 
tor field, which would last long enough to drastically di- 
minish iV*, but not too long to render the original infla- 
tionary period irrelevant. This highly contrived scenario, 
however, suffers from another problem, as will be shown 
in the next section. 



IV. EVOLUTION DURING AND AFTER 
INFLATION 

As we mentioned in the introduction, in order to avoid 
large scale anisotropy in the Universe, we do not consider 
the possibility that the vector field in question can act 
as the inflaton field. Instead we assume that the vector 
field may imprint its spectrum of curvature perturbations 
onto the Universe at some time after the end of inflation, 
when it becomes dominant (or nearly dominant) before 
its decay. In other words, we assume that our vector field 
acts as a curvaton field. In this case the amplitude of the 
curvature perturbations is determined by the dynamics 
of the field after inflation as well. 



A. The evolution of the vector field 

Assume that the homogenised vector field lies along 
the ^-direction 

= (0,0,0, AS))- 

Now, A z (t) satisfies Eq. (|12[) . Solving this equation dur- 
ing inflation, where H ~ const, we obtain 



AS) 



4,(0) 1 - R 
HR 2R 

A z {0) 1 + R 



AS) 



HR 



2R 



A z {0) 



-^At(l-fl) ) (3Q) 



where #=yl-4(g) , At is the elapsed time and '(0)' 
denotes the initial value. When m <C H the above give 



AS) 



AM 
H 

AM 
H 



A z {0) 



exp 



jj) MO) 



-HAt( — ) 2 



exp (-H At) . (40) 



Therefore, for a light vector field during inflation we find 
A z -> A Z {Q) + AS)/H = const. 

After the end of inflation solving Eq. (|12|) we obtain 



AS) = t x [dJ x (mt) + c 2 Y x (mt)} 



(41) 



where C\ , c 2 are constants of integration, Y x is a Besscl 
function of the second kind and 



l + 3w 
6(1 + to) 



(42) 



with w being the barotropic parameter (w = {w = g} 
for matter {radiation} domination). 
When m H we find 



AS) - t* 



ci 



r(i + i)\2 ) 



it\^ r(x) ^ mt^ x 



2 / 



(43) 
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From the above, since (mt/2) ~ m/H <g; 1, we see that, 
in both cases, A z (t) ~ const. Thus, we have verified that 
both during and after inflation, when m <^ H the vector 
field is overdamped and remains frozen. 

Now, consider the opposite case m^- H. In this case, 
from Eq. f|4 1 1> we have 



A z (t) 



t 3(1 + ™) 



Ci cos 



mt 



C2 sin 



mt 



(44) 



Hence, we see that, when the vector field becomes heavy 
then it engages in damped harmonic oscillations with en- 
velope decreasing as 



A z (t) oca" 1 / 2 . 



B. The energy momentum tensor 



(45) 



fluid, with the crucial difference that the pressure along 
the longitudinal direction is of opposite sign to the pres- 
sure along the transverse directions. Thus, if the pressure 
is non-zero and the vector field dominates the Universe, 
then large scale anisotropy will be generated. This is the 
reason we did not consider that can play the role of 
the inflaton field in the first place. 2 

To study the evolution of the energy density of the 
vector field we begin by assuming that originally pa is 
subdominant, in an isotropic Universe. In this case we 
can employ Eq. I|12|). which can be written as 



A z + m 2 A z 



A r 



HA, 



(52) 



When to ^> H we have shown that A z oscillates harmon- 
ically with envelope decreasing as shown in Eq. I|45|l . Us- 
ing this we can approximate A Z /HA Z m A Z /HA Z = — i. 
Inserting this into the above and considering that to 3> H 
we obtain 



Now that we know how the vector field evolves during 
and after inflation we can compute if and when it will 
come to dominate the Universe, in order to imprint its 
superhorizon perturbation spectrum. To find this we fol- 
low the evolution of the energy-momentum tensor of the 
vector field. 

Using Eq. JQ), the energy momentum tensor for A^ is 



T. = -a F FP° — F F p + 

1 pv — ^i/pv^ pa ± ± pp 1 ii ~ 

+ m 2 (A^Ay - y^ApAP) 



(46) 



In order to imprint its perturbation spectrum onto the 
Universe the vector field must dominate (or nearly dom- 
inate) the Universe, in accordance to the curvaton sce- 
nario. Since this may result into large scale anisotropy 
we consider the following metric 



ds 2 



dt 2 - a 2 (t){dx 2 +dy 2 )- b 2 (t)dz 2 , (47) 



where b(t) is the scale factor along the z-direction. In 
view of the above, the energy-momentum tensor can be 
written in the form 



T a = diag(pA, -p±, -P±,+P±) 



(48) 



where 



with 



Pa = Pkin + V p± = pkin - V (49) 



n.. = —-F F^ v — —A 2 
Pkm — ^ r ^ r — 2b 2 



(50) 



V = -\m 2 A,A» = 7^m 2 A 2 z . (51) 

From Eq. (|48|) we see that the energy momentum ten- 
sor for our vector field resembles the one of a perfect 



A z + m 2 A z w , 



(53) 



which verifies that, since the oscillation period is much 
smaller that the Hubble time, the oscillations are practi- 
cally harmonic. This means that, on average, 



A 2 Z = m 2 A 2 z 
Now, Eq. 1)1 2H can also be written as 



(54) 



In view of Eq. I|54|) the above is recast as 

1(A 2 ) + hP z = o. 



(56) 



From Eqs. l(39")l. ifBUjl and JHTJ, considering also Eq. J^U 
we have 



A\ = a 2 pj. 
Hence, Eq, 1(56^1 suggests that 

Pa oc a~ 3 . 



(57) 



(58) 



This means that, when the vector field begins oscillat- 
ing, its density scales as pressureless matter. This is 
not surprising because Eq. 1|54J) implies that, on aver- 
age pidn = V, which means that p± = 0. Hence, all the 



2 In the limit m — > it is easy to see that T M „ becomes traceless 
as it should. Also, pa — * Pkin- I n the case of isotropic expansion 
(b = a) (i.e. when is subdominant) the solution of Eq. 1121 
suggests, A z oc a -1 . Hence, pa = ^{A z /a) 2 oc a -4 , which is the 
conforrnal invariant result for radiation. 
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pressure components in Eq. I|48[) are equal to zero. The 
result in Eq. H58f) is also obtained by considering that 



pj= 2V = a' 



2 m 2 A1 oc a 



(59) 



where we also used Eq. (|45|l . 

The above behaviour does not change if the Universe 
becomes anisotropic. If this is so, then it is easy to ver- 
ify that, using the metric in Eq. (|47|l and Eq. ©, the 
equivalent to Eq. Ijl2|) is 



A z + (2H a - H b )A z 



i 2 A z 



0. 



(60) 



where H a = a/a and = b/b. Considering m 3> H a , Hb 
one arrives at Eq. I|54|) . from which all the results follow. 

The fact that the average pressure of an oscillating 
vector field is zero along both the longitudinal and the 
transverse directions implies that when the density of the 
vector field dominates the Universe this does not cause 
anisotropic expansion. Hence, we can use the curva- 
ton mechanism to imprint the superhorizon perturbation 
spectrum onto the Universe without the danger of gen- 
erating a large scale anisotropy, provided that the vector 
held is oscillating at domination. 



C. Generating the curvature perturbation 

The curvaton mechanism transforms the spectrum of 
perturbations of the vector held into a spectrum of cur- 
vature perturbations as follows. As discussed by Lyth 
and Wands in Ref. 0, on a foliage of spacetime corre- 
sponding to spatially flat hypersurfaces, the curvature 
perturbation attributed to each of the Universe compo- 
nents (labelled by the index n) is given by 



-H 



(61) 



where p n and 5p n are, respectively, the density and its 
perturbation of the component in question. 

The total curvature perturbation £(i), which is also 
given by Eq. I|61|) with p n and Sp n replaced, respectively, 
by the total density of the Universe p = ^2 n p n and its 
perturbation dp, may be calculated as follows. Using 
the fact that Sp = ^ n 8p n and the continuity equation 
p„ = —3H(p n + p n ), where p n is the pressure of the n-th 
component of the Universe, it is easy to find that 



c 



Pn+ Pn 



V 



(62) 



where p = ^2 n Pn is the total pressure. Now, since in 
the curvaton scenario, all contributions to the curvature 
perturbation other than the curvaton's are negligible, we 
find that 



c = o 



PA 

1 + W Jdec P 



(63) 



where £~2xl0 _5 is the observed curvature perturba- 
tion and Ca is the partial curvature perturbation of the 
vector field, for which we have assumed that the pres- 
sure is zero, when it is oscillating as previously discussed. 
The right hand side of this equation is evaluated at the 
time when the vector field decays and this is indicated 
by the subscript 'dec'. If the vector field decays after it 
dominates the Universe then p — > pa, which means that 

To obtain C,a we employ Eq. i|61|) and the continuity 
equation, which suggest 



Spa 
3/Oa 



dec 



2 6A Z 

3 X 



2 SAz 

3 A z 



(64) 



dec 



where the bar denotes the amplitude of the oscillating 
vector field at the time of decay [c.f. Eq. (|59fl ]. In the 
above we have considered that, after the end of infla- 
tion, the ratio 8A Z /A Z remains constant because either 
the vector field and its perturbation are frozen (when 
m <C H) or they are oscillating (when m ^> H), with 
the same equation of motion. This is indeed so since the 
perturbations in question are superhorizon in size when 
the vector field decays, so spatial gradients in Eq. i|15|) 
are negligible and, hence, Eq. (|15|l becomes of identical 
form to Eq. |Q . 

Now, in Eq. I|64|) A z (t) is the homogeneous zero-mode, 
which has no /c-dependence. This means that the Ca(&) 
has the same fc-dependence as the perturbation 5A z (k). 
Hence, a scale- invariant superhorizon spectrum of vector 
field perturbations can give rise to a scale-invariant su- 
perhorizon curvature perturbation spectrum provided the 
vector field is heavy and engages into oscillations before 
it dominates the Universe. 

The above are in stark contrast to the case when the 
vector field dominates while it is still light. As we have 
shown, in this case A z is frozen to a constant value, which 
suggests that pkin ~ and p± = —pA = —V. This im- 
plies that the Universe inflates along the transverse direc- 
tion but not along the longitudinal direction because the 
longitudinal pressure is positive (c.f. Eq. 14811 ). Hence, 
when m <^ H we have to demand that pa is subdominant 
in order to retain isotropy. 

We should note here that, for a light vector field, pa 
is not constant. Indeed, while A z ~ const., we see from 
Eq. H51f) that Pa = V oc a~ 2 (with a = b). Hence, de- 
spite the fact that the vector field is frozen, its density 
decreases ass" 2 . This undermines even further the pos- 
sibility of using a light vector field to generate the cur- 
vature perturbation, because its density during inflation 
is exponentially suppressed. Bearing in mind that the 
field needs to dominate (or nearly dominate) after infla- 
tion and decay before nucleosynthesis while having a tiny 
mass due to the bound in Eq. it is easy to see that 
a successful scenario is rather unlikely (in fact it is invi- 
able). However, if we abandon the light field assumption 
we might be able to attain the desired result as we discuss 
in the next section. 



7 



V. THE "PHYSICAL" VECTOR FIELD 

The careful reader might have been alarmed by the 
fact that the results in Eqs. (|31|) or H35(l appear to be 
proportional to powers of the scale factor. Similarly, the 
components of the energy momentum tensor as shown in 
Eqs. (|50() and (|51() also appear to bear an explicit depen- 
dence to the scale factor b. Both these findings are not 
expected because quantities such as the power spectrum 
or the density and pressure are obscrvables and should 
not depend on the normalisation of the scale factor. The 
problem is overcome if one realises that is more like 
a 'comoving' quantity, which has the Universe expansion 
factored out. As implied by the form of Va in Eqs. 1|31|) 
and (|35|) and also on the form of V in Eq. Q51(l one can 
assume that, in an isotropic Universe, the spatial com- 
ponents of the "physical" vector field may be defined as 3 



V % = A/ait) 



(65) 



From Eqs. i|12|) and (|65[) we find that the spatial com- 
ponents Vi (t) during inflation satisfy the equation 



V + 3HV + (2H 2 + m 2 )V = , 



(66) 



where we considered H ~ const. After perturbing Vn 
around the homogeneous value and following the same 
procedure as in Sec. [D] we obtain the equations of motion 
for the transverse component of the perturbations of the 
vector field: 



d 2 t + 3Hd t + 2H 2 + m 2 



SV 1 - = , (67) 



where 



d 3 k 

(2^) 3 / 2 



SVufak) exp(ife • sc), (68) 



i.e. SV k = 5A k /a(t). From Eqs. © and it is evi- 
dent that the equation of motion for the transverse com- 
ponent of the "physical" vector field is remarkably similar 
to a scalar field (notice the factor of 3H in the friction 
term of Eq. (|66|l ') of mass-squared 



m 2 



2H 2 + m 2 . 



(69) 



Hence, we expect that particle production will take place 
when fh -C H , i.e. in the case when 



-2H 2 



(70) 



Indeed, we have already seen that, when the condition 
in Eq. (|70|l is valid, the transverse component of the vec- 
tor field obtains a scale invariant superhorizon spectrum 
of perturbations. In view of Eq. i|31[l we sec that 



(71) 



exactly as in the case of a scalar field, where we used that 
"Py = cT 2 Va a s is evident by Eq. ill'MI) and the fact that 
SV k = SAk/a. 

Now, if we employ the condition in Eq. I|7U|I into 
Eq. i|39|) we find that, during inflation, R — 3 and so 



Mt) 



i 

3H 



2HA Z {0) + A Z {0) 
HA Z {Q) -AM 



n HAt 



-2HAt 



}. (72) 



Hence, after a Hubble time we see that A z cx e HAt cx a, 
which means that V z = A z /a ~ const, [c.f. Eq. (|65fl ] and, 
therefore the "physical" vector field remains frozen dur- 
ing inflation. 

Expressing the components of in terms of V z we 
obtain 

PA = \[V 2 +2HV Z V Z + (H 2 +m 2 )V 2 ] (73) 



1 



I>± 



[V 2 + 2HV Z V Z + (H 2 - m 2 )V 2 }. (74) 



3 Eq. 1651 is also motivated as follows. Suppose that m = 0. 
Then the non-zero components of the field strength tensor can 
be expressed in terms of an electric and a magnetic field Ei and 
Bi respectively as: Fqi = Ei and Fij = —tijhB^, where is 
the totally anti-symmetric Levi-Civita tensor. In this case the 
energy momentum tensor in Eq. 1461 suggests that the energy 
density of the field is: 



PA 



EiEi BiB{ 



Since, the energy density is a physical quantity we realise that 
the physical electric field is Ei/a and the physical magnetic field 
is Bi/a 2 . Now, Bi is defined as Bi = eijkdjA^. This means 



B = V x A => 



B/a 2 = V x V, 



where the hat denotes derivatives with respect to physical co- 
ordinates r z = ax' in contrast to comoving coordinates x 1 [c.f. 
Eq. (3)], such that bi = di/a. Hence we see that, since B/a 2 is 
a physical quantity, so is V. 



During inflation, when we require Eq. (|70|l to hold, we 
find 

Pa = -\h 2 V 2 and Pl _ = -\u 2 V 2 ^ (75) 

where we have used that V z ~ const, during inflation. 
Since V z is frozen during inflation, both the energy den- 
sity and the pressure are constant. The fact that the 
energy density appears negative is not surprising; accord- 
ing to Eq. H7()(l the mass of the vector field is tachyonic, 
which is a similar situation to the case when a scalar field 
is placed on top of a potential hill. 



VI. VECTOR CURVATON IN SUPERGRAVITY 

From the above we see that we may have a chance 
to generate a scale invariant superhorizon spectrum of 
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perturbations through the use of a vector field, provided 
the condition in Eq. I|7U|) holds during inflation, at least 
when the cosmological scales exit the horizon. How can 
we achieve this? 

In particle physics, vector fields obtain masses through 
the Higgs mechanism. The masses are due to the kinetic 
term of the Higgs field <f> 

C D<i> = D^(D^)* , (76) 

where '*' here denotes charge conjugation and 

D ll = d ll + igA^ (77) 

is the covariant derivative with g being the gauge cou- 
pling. This means that the Higgs kinetic term in Eq. I)76|) 
generates a mass term for the vector field A^: 

C m = g 2 \ ( j>\ 2 A fl A». (78) 

From this term it is in principle possible to obtain a 
mass of order H during inflation for the vector field. In- 
deed, if the Higgs field is light during inflation then parti- 
cle production would generate a condensate of magnitude 

{(f 2 ) ~ H 2 min {HAt, H 2 /ml) , (79) 

where <C H is the mass of the Higgs field and 
AN = H At is the number of elapsed e-foldings of infla- 
tion. The second term in the brackets above corresponds 
to the Bunch-Davis result Q , whereas the first term cor- 
responds to the case of a flat potential Q. Hence, we see 
that, provided < H/ V AN the vector field obtains a 
mass 

to ~ gV~AN H (80) 

where, if inflation is not very long, one might have 
gVAN ~ 0(1). However, this mass is not tachyonic and 
cannot satisfy the condition in Eq. 17(J|) . 

One may envisage a possibility to obtain a tachyonic 
mass in the context of supergravity, where the kinetic 
term of the scalar fields is multiplied by the Kahler met- 
ric: 

C D ^ = K^D^D^)* , (81) 

Indeed, if the Kahler potential includes a term of the 
form 

AK = -\cj)\ 2 (82) 

then we may indeed obtain a tachyonic mass for the vec- 
tor field. If this mass is close to satisfying Eq. I|7U|) it 
is possible to generate an approximately scale invariant 
spectrum of perturbations. Slight deviations from the 
condition in Eq. I|7U|) generate a tilt on the spectrum, 
with spectral index n s — 1 + 2?), where 

1 to 2 1 / m 2 \ 

^3^^n 2+ ^)' (83) 



where we used Eq. <P|) . 

However, in view of Eqs. I|81|) and i|82|) . we see that 
a negative mass-squared for the vector field requires a 
negative kinetic term for the scalar field <f>. Hence, <f> is 
rendered a ghost field, with all the unpleasant side effects 
this might imply (e.g. breaking of Lorentz invariance). 
Still, this scenario may find use in the context of the so- 
called, ghost inflation model, which uses exactly such a 
field y|. However, it is not clear whether a ghost con- 
densate would still satisfy Eq. (|7§|) . 

Even if we manage to account for all the above we still 
need to ensure that the vector field dominates the Uni- 
verse after the end of inflation, without causing a large- 
scale anisotropy. However, having a tachyonic mass as 
described above does not lead to the oscillating behaviour 
which wc would prefer after the end of inflation. To rem- 
edy this, we can add another term in the Kahler poten- 
tial, coupling the Higgs field to some other scalar ip- 

AK = -W 2 + \^f, (84) 

where M is an appropriate cutoff scale. We can then 
assume that the scalar field ip is heavy during inflation 
and, therefore, ip — 0. However, at or after the end of 
inflation a phase transition gives non-zero vacuum ex- 
pectation values (VEVs) to both scalar fields. In this 
scenario the vacuum mass of the vector field would be 

where and are the VEVs of (f> and ip respectively 
From the above we see that there is a chance that, after 
inflation, the mass of the vector field ceases to be tachy- 
onic provided > M. This also means that, in the 
vacuum, <f> is not a ghost. 

A similar way to attain the desired results but without 
casting doubt in the validity of Eq. I|79|) is as follows. 
One can consider that instead of the mass term changing 
signs after inflation, the kinetic term of the vector field 
does so. Indeed, in supergravity the kinetic term of a 
vector field is multiplied by the gauge kinetic function /: 



Adn = --fF^F^. (86) 

The gauge kinetic function is a holomorphic function of 
the fields of the theory. Suppose that it is of the form 

/W = -l + ^> (87) 

where M is an appropriate cutoff scale. Then, similarly 
as before, we may assume that ip is heavy during in- 
flation and, therefore, driven to zero. This introduces a 
change of sign of the kinetic term of the vector field. Sup- 
pose, now, that the mass of the vector field is to ~ \/2H* , 
where is the Hubble scale during inflation. Then, for 
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our considerations, the reversal of the sign of the kinetic 
term is entirely equivalent to the reversal of the sign of 
the mass-term because changing the overall sign of the 
vector Lagrangian density in Eq. (JTJ does not affect the 
equations of motion in Eq. Therefore, particle pro- 
duction of the vector field will take place during inflation. 
However, the physics will be affected because one has to 
consider that the sign for the gravitational Lagrangian 
density is not reversed and we may still run into trouble 
in the same manner as with the ghost condensate above. 
Now, after inflation, a phase transition may send ip to a 
non-zero value My,. This changes the sign of the kinetic 
term (renderring the vacuum stable) provided M$ > M. 
In this case, in the post-inflation era our vector field un- 
dergoes the desired oscillations and can become a suc- 
cessful curvaton. 

Another way to comply with the requirement in 
Eq. Q70|l is to assign a "potential" f (£) to the vector 
field, in the manner considered in Refs. Q, Q, where 
£ = A^A^ . For example, that way we may assume a neg- 
ative mass-squared with the vacuum stabilised through 
a self-coupling of the vector field of the form: 

C = -\f, v F^ - l -m 2 A^ + ^X(A^) 2 , (88) 

i.e. we assume U = — \ra 2 ^ + j\£, 2 , with m^\f2H*. 
Such self-couplings might arise when considering non- 
Abelian vector fields. Note that, the above assumption 
generates a positive mass-squared in the vacuum for our 
vector field. This means that, while the vector field may 
lie on top of the [/-potential hill during inflation, after 
inflation H(t) < m and the vector field begins oscillating 
in a potential U oc £, corresponding to isotropic pressure- 
less matter as we have shown. 4 

Finally, note that the vector field may not need to os- 
cillate and dominate the Universe after inflation, in or- 
der to imprint its curvature perturbation spectrum. One 
may consider a modulated-reheating scenario where 
the vector field controls the decay rate of the inflaton 
through a coupling such as the one in Eq. JTSJ- 

It is evident that the above scenarios are quite con- 
trived and involve a number of tunings. 



VII. CONCLUSIONS 

In summary we have shown that, in principle, a vector 
field can indeed be responsible for the observed curvature 
perturbation in the Universe. In order to be so the mass- 
squared of the vector field has to be m 2 sa —2H 2 during 



4 If the vector field is oscillating into a (/-potential not linear to £ 
then one expects JTf ^ 0. Due to Eq. I4SI this is bound to gen- 
erate a large-scale anisotropy if the oscillating vector field domi- 
nates the Universe. It is intriguing that a weak such anisotropy 
(preferred axis) is claimed to exist in the CMB radiation @ . 



inflation. The vector field must be subdominant dur- 
ing inflation to avoid generating a large-scale anisotropy. 
Hence, particle production generates an originally isocur- 
vature perturbation, which can become adiabatic if, after 
inflation, the vector field dominates the Universe before 
its decay, in accordance to the curvaton scenario. Indeed, 
we have shown that, if after inflation the mass-squared of 
the vector field becomes positive, then the field begins os- 
cillating. We have demonstrated that an oscillating vec- 
tor field scales as pressureless matter with the Universe 
expansion and does not cause any large scale anisotropy 
even when it dominates the Universe. Hence, provided 
the mass of the vector field complies to the above re- 
quirements, the 'vector curvaton' scenario can account 
successfully for the observations. 

Admittedly, the condition for the mass of the vector 
field during inflation is hard to achieve and, at best, 
amounts to a certain level of tunning. Still, using a 'vec- 
tor curvaton' may be additionally motivated by the fact 
that no scalar fields have been observed as yet in nature. 
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